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Abstract. We study kaonic hydrogen, the bound K~ p state Axp. Within a quantum field theoretic and rel-
ativistic covariant approach we derive the energy level displacement of the ground state of kaonic hydrogen
in terms of the amplitude of K~ p scattering for arbitrary relative momenta. The amplitude of low-energy
K™ p scattering near threshold is defined by the contributions of three resonances A(1405), A(1800) and
X°(1750) and a smooth elastic background. The amplitudes of inelastic channels of low-energy K~ p scat-
tering fit experimental data on the near-threshold behaviour of the cross-sections and the experimental
data by the DEAR Collaboration. We use the soft-pion technique (leading order in Chiral Perturbation
Theory) for the calculation of the partial width of the radiative decay of pionic hydrogen A, — n-+~ and
the Panofsky ratio. The theoretical prediction for the Panofsky ratio agrees well with experimental data.
We apply the soft-kaon technique (leading order in Chiral Perturbation Theory) to the calculation of the
partial widths of radiative decays of kaonic hydrogen Ax, — A° 4+~ and Ak, — £° 4+ v. We show that
the contribution of these decays to the width of the energy level of the ground state of kaonic hydrogen is
less than 1%.

PACS. 11.10.Ef Lagrangian and Hamiltonian approach — 13.75.Gx Pion-baryon interactions — 21.10.-k
Properties of nuclei; nuclear energy levels — 36.10.-k Exotic atoms and molecules (containing mesons,

muons, and other unusual particles)

1 Introduction

Kaonic hydrogen Ak, is an analogy of hydrogen with an
electron replaced by the K~ -meson. The relative stability
of kaonic hydrogen is fully due to Coulomb forces [1-8].
The Bohr radius of kaonic hydrogen is
1 1 1 1

(— n —) — 83.594 fmn,

m g —

(1.1)

where u = myg-my/(mg- + my) = 323.478 MeV is a
reduced mass of the K ~p system, calculated at myg- =

aB
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493.677 MeV and m,, = 938.272 MeV [9], and o = € /hc =
1/137.036 is the fine-structure constant [9]. Below we use
the units A = ¢ = 1, then a = €? = 1/137.036. Since the
Bohr radius of kaonic hydrogen is much greater than the
range of strong low-energy interactions Rgyy ~ 1/m, - =
1.414 fm, the strong low-energy interactions can be taken
into account perturbatively [1-8].

According to Deser, Goldberger, Baumann and
Thirring [1] the energy level displacement of the ground
state of kaonic hydrogen can be defined in terms of the

S-wave amplitude fOK p (Q) of low-energy K~ p scattering
as follows:
Fls

) 27 -
—€1s + 11—/ = ; (f( ?(0) |5p1s(0)‘2a

; (1.2)

where ¥,(0) = 1/4/ma3 is the wave function of the

ground state of kaonic hydrogen at the origin and fg{ P(0)
is the amplitude of K~ p scattering in the S-wave state,
calculated at zero relative momentum ¢ = 0 of the
K~p pair. The DGBT formula can be rewritten in the
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equivalent form

= =20 £ P(0),

(1.3)

—€1s

where 20212 = 412.124eV fm~! and f2* ?(0) is measured
in fm. The formula (1.3) is used by experimentalists for
the analysis of experimental data on the energy level dis-
placement of the ground state of kaonic hydrogen [10-13].

For non-zero relative momentum () the amplitude

P(Q) is defined by

where i ?(Q) and 65 ?(Q) are the inelasticity and the
phase shift of the reaction K~ + p — K~ + p, respec-
tively. At relative momentum zero, @ = 0, the inelastic-

Q) = (1.4)

ity and the phase shift are equal to 7y ?(0) = 1 and
655 P(0) = 0. For Q — 0 the phase shift behaves as
55 P(Q) = af P Q+ 0(Q?), where af ”
scattering length of K ~p scattering.

The real part of f* ?

is the S-wave

(0) is related to al ¥ as

Re fP(0) =al == (a + a}), (1.5)

5 (
where a) and aj are the S-wave scattering lengths a} with
isospin I = 0 and I = 1, respectively.

Due to the optical theorem the imaginary part of the

amplitude f(f( P(0) is related to the total cross-section

aé{ P(Q) for K~ p scattering in the S-wave state:

Im £ ?P(0) = lim Qagf’l’(@)

Q—0 47
1
— S lim (10l P(Q)eos 26K P(Q)). (16)
2 Q—0 Q
The r.h.s. of (1.6) can be transcribed into the form
- 1dig "(Q)
Imfy P(0) = —= 2 : L.

Hence, according to the DGBT formula the energy level
displacement of the ground state of kaonic hydrogen is
defined by

1o = —20% Re £ (0) = —20%2aff 7,
i ,d K p
I = 4a3MQImeK P(O) —_92a3 M non(Q) ot
(1.8)

The recent preliminary experimental data on the energy
level displacement of the ground state of kaonic hydrogen
obtained by the DEAR Collaboration [13] read

exp

— P i~ = (—183 £ 62) +4 (106 + 69) eV. (1.9)

In this paper we give i) a model-independent, quantum
field theoretic and relativistic covariant derivation of the
energy level displacement of the ground state of kaonic hy-
drogen and ii) a theoretical modeling of the amplitude of

K~ p scattering in the S-wave state fg{ P(Q) near thresh-
old of the K~ p pair @ = 0, fitting well experimental data
(1.9) by the DEAR Collaboration [13].

The paper is organized as follows. In sect. 2 we write
down the wave function of the ground state of kaonic hy-
drogen within the quantum field theoretic and relativis-
tic covariant approach developed in [7,8] (see also [14]).
In sect. 3 we derive the energy level displacement of the
ground state of kaonic hydrogen in a model-independent
way. In sect. 4 we describe the amplitude of K ~p scatter-
ing near threshold by the contributions of the resonances
A(1405), A(1800) and X'(1750). The obtained amplitude
of K~ p scattering we use for the calculation of the energy
level displacement of the ground state of kaonic hydro-
gen. In sect. 5 we calculate the contribution of the elastic
background to the amplitude of low-energy K ~p scatter-
ing. We show that the theoretical results fit well prelimi-
nary experimental data by the DEAR Collaboration [13].
In sect. 6 we calculate the partial widths of the radiative
decay channels of kaonic hydrogen Ak, — A° +~ and
Agp — XY+~ [15]. First, we develop technique and me-
thodics, based on the soft-pion(kaon) technique, for the
calculation of the partial width of the decay A, — n+~y
of pionic hydrogen in the ground state. We calculate the
Panofsky ratio, 1/P = I'(Arp, — n+ 7)/I'((Axp —
n+ m) = 0.681 4 0.048, in agreement with the experi-
mental value 1/P = 0.647 £ 0.004 [16]. The application of
this technique to the calculation of the partial widths of
the decays A, — A%+~ and Ak, — X° + v shows that
the contribution of these decay channels to the width of
the energy level of the ground state of kaonic hydrogen is
less than 1%. In the conclusion we discuss the obtained
results. We show that our approach to the description of
low-energy K~ p scattering is consistent with the experi-
mental data by the DEAR Collaboration [13]. In the ap-
pendix we calculate the elastic background of the S-wave
elastic K~ p scattering near threshold within the Effective
quark model with chiral U(3) x U(3) symmetry [17-19].

2 Ground-state wave function of kaonic
hydrogen

The wave function of kaonic hydrogen in the ground state
we define as [7,8,20,21]

|A(1S (P’ 2 / d3k‘K* dSkp
TS 2E (fre ) 2B, (R
X 6P — Fye- — By 2B8) (e + )

X QIS(EK*)‘K_ (EK’)p(EP’ UP)>7

where E(*)(P) = \/M1(41s)2 + P2 and P are total en-

ergy and momentum of kaonic hydrogen, respectively,

(2.1)
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M}(415) = my + mg- + Eis and By = —8613eV are
mass and binding energy of kaonic hydrogen in the ground
bound state, respectively, o, is a polarization of the pro-

ton. Then, ®14(kg—) is the wave function of the ground
state in the momentum representation normalized by

d3k =9
| o
The wave function |K~ (k- )p(Ep, op)) we define as [7,8,

20,21]
\Kf(l_f'K—

(2.2)

)p(Eanp» _CK (kK ) ;(Ep,%)m),

where cK (kr-) and ap(kp, op) are operators of creation

(2.3)

of the K ~-meson with momentum EKf and the proton
with momentum Ep and polarization o, = £1/2. They
satisfy standard relativistic covariant commutation and
anticommutation relations [7,20]. The wave function (2.1)
is normalized by

(A (P 0N AL (P,ay) =
S = - g dgk
<2w>32E£3‘><P>5<3><P’—P>6a;ap/( (=
(2m)2 2BV (P) 6 (P' — P) g0, (2.4)

This is a relativistic covariant normalization of the wave
function.

The wave function (2.1) we will apply to the calcula-
tion of the energy level displacement of the ground state
of kaonic hydrogen within a quantum field theoretic and
relativistic covariant approach.

3 Energy level displacement of the ground
state

According to [7,8,20], the energy level displacement of the
ground state of kaonic hydrogen is defined by

1s 1s
L, (AR (Po)TIAY) (Pooy)
—€1s+1 = lim L
2 T,V —o00 2E(15)( )VT P=0
(3.1)
where TV is a 4-dimensional volume defined by

(270)46@W(0) = TV [20] and T is the T-matrix obeying
the unitary condition [20,21]
T - T =4TIT. (3.2)

Using the wave function (2.1) we reduce the r.h.s. of (3.1)
to the form

. 1 Bk [ dq
Tas i 4mep/(27r)3/(27r)3
mK—mp mK—mp o
Ee 0,0 V B @ B,@ "o *)
. B EHCRDITE @G g, )

(3.3)

where the matrix element of the T-matrix defines the am-
plitude of K ~p scattering’

e (R)p(—E, )| TIE(@)p(=7.9,)) _

T,V —00 vT
M(K~(Q)p(~q,0p) — K~ (k)p(—k,0)).

(3.4)

Thus, the energy level displacement of the ground state
of kaonic hydrogen is defined by the amplitude of K~ p
scattering [7,8]:

AR 1 / A3k / d3q
—€1s +1— =
2 dmg-my, | (27)3 ) (2m)3
memp memp o
= = = — &, (k
Ex-(E)Ey(k) V Ex-(T)EpT) (&)

x M(K~(q)p(—§,0p) — K~ (k)p(—k,0,)) $14(7),
(3.5)

Due to the wave functions @L(lﬂ) and @14(¢) the main
contributions to the integrals over k and ¢ come from the
regions of 3-momenta k ~ 1/ap and ¢ ~ 1/ap, where
1/ap = 2.361 MeV. Since typical momenta in the inte-
grand are much less than the masses of coupled particles,
mg- > 1/ag and m, > 1/ag, the amplitude of K p
scattering can be defined for low-energy momenta only?.

Following [7,8] the amplitude of low-energy K ~p scat-
tering we define as

M(K~(Q)p(~q.0p) — K~ (k)p(—k,0)) =
8 (my— +my) f3° P(Vkq),

where the amplitude f(f{ P(Vkq) is determined by

K0(\fhg) = —

2¢_(770 P (Vhg) e VR 1),
1

(3.7)

! In Chiral Perturbation Theory (ChPT) [22,23] the
T-matrix can be expressed in terms of an effective La-
grangian Leg(z) (see also [7,8]). If all loop contributions are
taken into account and renormalization is carried out, the
effective Lagrangian Leg(z) can be used only in the tree-
approximation [24] (see also [7,8]).

2 Tt is obvious that due to formula (3.5) a knowledge of the
amplitude of K~ p scattering for all relative momenta from zero
to infinity should give a possibility to calculate the energy level
displacement of the ground state of kaonic hydrogen without
any low-energy approximation.



14 The European Physical Journal A

The shift and width of the energy level of the ground state
of kaonic hydrogen are equal to

27r // ddk d‘5 Mg-My
€1s = =
Ex- (k) Eyp(k)
M- - .
Tl @] (k) 14(7)

Ex-(7)Ep(q)
K- p(\/@) sin 255(7’)(@)

an 2\/k’_q )
r 2m // d3k d3 M- My
1s — — =
Ex-(k)Ep(k)
mg-m = .
K £ ¢1s(k‘)¢15(q>

Ex-(7)Ep(q)

xl — (1= ¥(VRa) cos26f (/R =

// d3k d3 MK—-My
2u Ex(k)Ey(k)
My —m - .

L £ QSJ{Q(]{)@LS(Q)

Ex—(0)Ep(7)

x \Vkqag P(\/kq). (3.8)
Formula (3.8) reduces to the DGBT formula defining the
amplitude of K~ p scattering at k = ¢ = 0 [7,8]. We
would like to emphasize that the main contributions to
the momentum integrals in (3.8) come from the region
k ~q~ 1/ag = 2.361MeV but not from k = ¢ = 0.
Hence, the calculation of the amplitude of K~ p scattering
at k = g = 0 is not an explicit result but an approxima-
tion, which is well-defined only if the amplitude of K~ p
scattering is a smooth function near threshold?.

Assuming that near threshold the amplitude of low-
energy K ~p scattering is a smooth function of relative
momentum @ of the K~ p pair and keeping only the lead-
ing terms in momentum expansion at @ = 0, we arrive at
the energy level displacement of the ground state of kaonic
hydrogen:

1
—€15 + 1 :N ag —25 10

2
|/ d3k Ky g
K- (k) Ey(k)

3 Practically, the corrections to the energy level displace-
ment, coming from a momentum expansion of the amplitude
of K™ p scattering, are of order of powers of a. This means
that the term of order O(Q) gives a correction of order O(«),
multiplied by the derivative of the amplitude of K~ p scatter-
ing with respect to the relative momentum @), calculated at
@ = 0. The convergence of this expansion is fully defined by
the derivatives of the amplitude of K™ p scattering. Such cor-
rections, caused by Coulombic photons, should be taken into
account on the same footing as the corrections caused by QCD
isospin-breaking and electromagnetic interactions [25,26] (see
also [27]).

Is _ 2m [Kp drgg’ p(Q)) 1
Q=0

2

(3.9)

This is the quantum field theoretic, relativistic covariant
and model-independent generalization of the DGBT for-
mula (1.2) [7,8].

The amplitude of low-energy K~ p scattering we rep-
resent in the form

5 Q) = 5ig (W Qe @ 1)

L (ezzéB Q) _

2i6K P(Q) (K p
50 1) +e2% "@ TP (Q)p,

(3.10)

P(Q)p is the phase shift of an elastic back-
p(Q)R is

where (55 -
ground of low-energy K p scattering and f(f( -
the contribution of resonances.

We assume that fi P(Q)g is defined by the con-
tributions of the A(1405)-resonance, an SU(3)favour Sin-
glet [28], and the A(1800) and X(1750) resonances, com-
ponents of the SU(3)gavour octet [29]%. For simplicity we
denote A(1405) as A9 and A(1800) and X'(1750) as A3 and
X9 3 respectively.

4 Amplitude of low-energy K~ p scattering.
Resonances

Treating the resonances A(1405), A(1800) and X' (1750) as
elementary fields® we can write down phenomenological
interactions:

La,sr(z) = g1 A (x) tr{B(z)P(x)} + h.c. =
g1 A1 (x) BZ (z)P¢(x) + h.c.,

% gs tr{{ B>, B} P}

+% f2tr{[B2,

% (92 + f2) (B2

1 _
+E (g2 — f2) (B2

where g¢1, g2 and f, are phenomenological coupling
constants, A9(x), (B2)’(x), Bi(z) and P2(x)(a(b) =
1,2,...,8) are interpolating fields of the A(1405)-
resonance, the octet of baryon resonances A(1800) and
X(1750), the octet of light baryons and the octet of

Lp,pp(r) =
B]P} +h.c. =
)oBLP§

YBEPY +he.,  (4.1)

* Recall that the resonance A(1405) has a status * * * *,
whereas the resonances A(1800) and X(1750) have a status
* % % [28,29].

® We keep only the neutral component of the X(1750)-
resonance.

5 This agrees, for instance, with the approach developed
within ChPT in [30].
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pseudoscalar mesons, respectively:

20 _ _
T = 2R =2
V2oV T

Bt=| w2 oz |

2 \/§ \/6 2
_ _ 2 10
A _Z
P2 2 \/(—32
o A0
- 4+ — >+
YO i
X
B = Y- —=—=4= n )
V2 V6
-5~ =0 2y
V6
0 n
— 4+ — Tt K+
VR
Pl = 4L ko (4.2)
' ViTVe
K- R

For simplicity we identify the component 7n(z) of the
pseudoscalar octet with the observed pseudoscalar meson
1(550) [9].

Keeping only terms relevant to low-energy K~ p scat-
tering we reduce the effective Lagrangians (4.1) to the
form

Laopp(z) = g1 A(@)(Z(w) - 7(x) — p(z) K~ (2)
+n(z)K%(z) + %Ao(x)n(x)) + h.c.

Lagpp(r) = % () (E(2) - (z) — A(x)n(x))

g2 +3f2 & _
27\/5 A(Q)(l’) (p(z) K™ (z)

fngz:)f(o(m)) +h.c.,
Lygpp(@) = fo 25(2) (I7 (2)7% (2) — F (2)7™ (2))

92 &
73 53(x) (A°(2)n° (x) + X°(a)n(x))

+ 22 500y (pla) k(@)
—n(z)K°(x)) + h.c.. (4.3)
According to (3.10) at threshold @ = 0 the amplitude

20 of K~ p scattering we define as

+

+

0 P0) = AR P+ fof P(0)g, (4.4)

K™ p . .
where A ? is a real parameter”, describing a smooth

elastic background 05 ?(Q)p = A% 7Q, and f& ?(0)r
is the contribution of the resonances, which we determine
as

1

SR =5 (O + 1T O)),

: (4.5)

p

" We calculate the parameter A% ? in sect. 5.

where the amplitudes f2* ?(0)7—¢ and fi* ?(0);—; of low-
energy K ~p scattering with isospin I = 0 and isospin I =
1 are saturated by the A(1405), A(1800) and X(1750) res-

onances, respectively. The amplitude f(f( P (0)g contains

real and imaginary parts Re f* ?(0)g and Zm f P(0)g,
which define elastic and inelastic channels.

4.1 Imaginary part of fi °(0)g

The imaginary part Zm fi* ?(0)g of the amplitude

FEP(0)R is determined by inelastic channels. The near-
threshold low-energy K ~p interaction contains four in-
elastic channels defined by strong low-energy interactions:
i) K-p— Xat il) KTp — Xta,iii) K p — X9
and iv) K~p — A%7%. The amplitudes of these channels
we define as [30]

my—

f(Kp—zat)= = L

4m mp- my

g n 1 g5 (1+30y)

>< p—
[ mpo —mg— —my 6 myg —mg- —my

1 ghas(l—an)
2 mygg —mg— —my |’

I

FUKp— 2¥r) = s
47 mg-

mp
9i —i—l 93(1 + 3az)

>< p—
[ myo —mg— —mp 6 myg —mpg- —my

41 g3 as (1 — as)
2 myg —mpg- —my |’

1

f(K p— X079 = — _K e
AT my- my

. g1 41 93 (1+ 3a2)
Mo — M- —my 6 mag —mg- —my |’

1

FUEp— A0 = — F [0
A mp- \| my

Xlll g3 (1 - ) ] (46)

2 V3 mygg —mg- —my

where gy = fa/go.

In order to check the consistency of our approach we
suggest to use experimental data on the cross-sections for
the inelastic reactions K=p — X~ nt, K=p — XVa—,
K—p— X% and K~p — A% taken at threshold of the
K~ p pair [31,32]

see equation (4.7) on the next page

These data should place constraints on the input param-
eters of any approach [33]. In terms of the amplitudes of



16 The European Physical Journal A

oK p—Xwt)
V= Ky e = 2300000,

oK p—X 1) +o(K p—Xtn)

R. = o(K—p—X—nt)+o(Kp— Stn~)+o(K—p— 570 + o(K—p — A0x0) = 0.664 £ 0.011,
_ o(K~p— A'7°) B
the inelastic reactions under consideration they read tion K~p — X~ 7T, This gives
- — V(2L w
I Ep = 2w ) Phy g Ky Sy (s my [ L Ere
FEp— 55 )Phsia Y Foe
R. = (|f(K_p — X1 ks pt f(K™p— 5% = f(K™p— X at %
mE—
+f(Kp— E+7r_)|2k2+ﬂ_)
1 my- ks-r+
2 1+ ;
x (|f(K7p - Ei?r+)| kgt Y my+ Ks+p-
(K Tp— 2+7T—)|2k'2+7r* R ko0
_ K~ AO 0 K~ - n 50,
+|f(K~p — Z°7%)Pksoq0 f(K™p— )= f(K~p— X7t e
-1
K= AOWO)F,{AO”O) ’ X 1 [myo 1+ 1 myg- ky—n+ (4.11)
R, = lf(K—p— AOﬂ'O)|2kAO7TO 2\ my- ¥ M+ kst
no — 0.-0)(2 — 0.-0)(2 )
|FEp= 20m0)Phgomo 1 (Kp— AOm0) Pk gono The parameter ay is defined by
(4.8)
1 my- kst
Wher.e kap with A = Ei’zo’/.lo and B = 7+, 70 is a 1- R kAoﬁo ¥ Myg+ Kg+n-
relative momentum of the AB pair, calculated at threshold - (4.12)
57070

1
NG (ma —mp)?).
(4.
At threshold s = (mg- +my)? and kap((myg- +my)?)
kap.

Expressing the amplitudes of inelastic channels with
neutral particles in the final states in terms of the ampli-
tudes of the reactions with charged particles in the final
state we get

kap(s) = (s = (ma+mp)?)(s —

@
~—

f(K_p—>207r0) = p— X T

1 myo _
=

M f(Kp 2*7’)] ,
my+

fE™p— A%7°%) = f(K p— ")

11
Q2 2\/

A p (R p — 2*”1 '

my+

(4.10)

Combining relations (4.10) and (4.8) we express the ampli-
tudes of inelastic channels K~p — Yt7~, K—p — X970
and K~ p — A%70 in terms of the amplitude of the reac-

1m2 kz ot

v Myt kgta-

In our approach the parameter R, turns out to be depen-
dent and reads

see equation (4.13) on the next page

Using the experimental values of v, R, and masses of
baryons and mesons [9] we get

R, = 0.626 £ 0.007,

ay = —0.314 4 0.026, (4.14)

where uncertainties are caused by the experimental errors
of the parameters v and R,,.

Comparing the theoretical prediction R, = 0.626 +
0.007 with the experimental value R, = 0.664 + 0.011
in (4.7) we can argue that our approach to the descrip-
tion of K ~p scattering near threshold is consistent with
experimental data on the cross-sections for the inelastic
reactions within an accuracy better than 6%.

Hence, using the relations « and R, for the cross-
sections for the inelastic reactions we can write down

ZU(K*pHX) =

X

o(K™p—all) =

1 1
— (1 + f) oK p— X 7)),
c Y

7 (4.15)
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Re— L . (4.13)
1 v ksoro [ mxo R, myo 1 myg- kst
14~ 14,/ Bo-at
- dy+1 kg—rt (mz - 1—Rn mg- - Y Mot Egtq-
where X = X rt, Xta—, X079 and A%70. Ipo reads
Due to the optical theorem relation (4.15) determines
. . . K™p 92 (on +m2+)2—m2,
the imaginary part of the amplitude f;~ *(0)g. It reads o =91 i T g
N7 8 mi? T
K-p 1 1 _ e g2 (myo +myg-)? —m2,
Ime (O)R: Ry (1+_) |f(K p_)E 0 )‘ kZ*Tr*' . s D) kE*ﬂ'Jr
R, vy 8T m?,
(4.16) . ) .
_ _ gi (Mmyo +mxo)® —m2,
Since in our approach Zm f&* ?(0) = Zm fI* ?(0)g, rela- =L : " kxogo. (4.18)

tion (4.16) allows to determine the total width of kaonic
hydrogen I7is in terms of the partial width of the decay
AKp — Y+t [33]

1 1 _
F]_S:R—C<1+;>F(AKP—>2 7T+):

842.248Im & *(0) =

1 1
(4.17)

For the calculation of the numerical value of f(K~p —
XY~7%) we have to determine the coupling constant g
and go. They can be obtained fitting the total experi-
mental widths of the resonances A(1405), A(1800) and
X(1750) [9]. We would like to remark that within an ac-
curacy better than 6% we can set ay = —1/3 and neglect
the contribution of the A(1800)-resonance. Therefore, the
constant go we define from the experimental data on the
X(1750)-resonance only.

We would like to emphasize that the experimental
data on the masses and total widths of the A(1405) and
2(1750) resonances are rather ambiguous. Below we use
only recommended values for the masses and total widths
of these resonances [9].

4.1.1 The A(1405)-resonance

The recommended values for the mass and total width of
the A(1405)-resonance are equal to m 40 = 1406 MeV and
Tyo = 50 MeV [28,34].

The total width of the A(1405)-resonance is defined
by the decays A(1405) — X + 7 [9]. Due to the effective
Lagrangian (4.3) the total width of the A(1405)-resonance

8w m2
A9

Setting I'yjo = 50MeV and using the experimental val-

ues for the masses of the X-hyperon and m-meson [9], we
obtain the value of the coupling constant g1: g1 = 0.907.

4.1.2 The X(1750)-resonance

The recommended values for the mass and total width
of the X'(1750)-resonance are equal to myy = 1750 MeV

and I'yo = 90 MeV [29,35]. From the Lagrangian (4.3) we
define the total width of the X(1750)-resonance:

g% (ng + m2+)2 — mfr,

Tyo = 22 ks -
-3 727 mzz0 im
2
93 (ng +my-)? - m?ﬁ
Tor 2 Fo-at
2T Mg
g2 (mxg +mpo)? —m2
E m2 kAOﬂ-O
=3
g5 (msg+mso)® —my
- 0
24r m3, =
g3 (ng + mp)2 - m%_
187 2 ka*
7r Mg
2 (myo +my)? —m2
g3 (msy 2) K% ko go, (4.19)
187 Mg
where we have used as = —1/3. Setting I'sg = 90MeV

and using experimental values for the masses of baryons
and mesons we get go = 1.123.

4.1.3 Numerical values of f(K~p — X~ nT) and imaginary
part of I P(0)g

Setting oy = —1/3 in (4.6) and using the coupling con-
stant g1 = 0.907 and g, = 1.123, calculated above, we



18 The European Physical Journal A

obtain the numerical value of the amplitude f(K~p —
X-rt)

1 _
fI(K p—X7at)= Sy o>
AT my- '\ my
2 2 2
« = 91 4+ 2 92 _
Mmpo — Mg — My 9 Myy —Mg- — My

(0.379 + 0.023) fm . (4.20)

Due to relation (4.16) this gives the imaginary part of the

amplitude & ?(0)g:
Im £ P(0)g = (0.269 + 0.032) fm. (4.21)
According to this value and the relation Zm fg{_p(O) =

Im f& P(0)g, the total width I, of kaonic hydrogen in
the ground state should be equal to

P(0) =

This agrees well with recent experimental data by the
DEAR Collaboration I'1,? = (213 £ 138) eV [13].

I'th = 842,248 Tm fX (227 £27)eV.  (4.22)

P(0)r

A knowledge of the numerical values of the coupling con-
stants g1, g2 and ag allows to calculate the real part of

4.2 Real part of f(;(_

(0)g. In our approach it reads

RUSE

the amplitude fJ° ?

Re fo' 7(0)

(Rf P(0)50+Re fif

4 g3 ]
+7 =
9 myg—mg-—my

(4.23)

8T M- lon—mK —my,
—0.154 4+ 0.009)

where we have set ap = —1/3.

Now we proceed to the analysis of the contribution of
a smooth elastic background of low-energy elastic K p
scattering.

5 Amplitude of low-energy K—p scattering.
Elastic background

At the hadronic level a smooth elastic background Agip
we define as
Ap P= AR AT T AT, (5.1)

where AKX AK P and AK P are the contributions of the
s, t and u channels of low-energy elastic K ~p scattering,
respectively.

For the calculation of the r.h.s. of (5.1) we assume the
following contributions:
(5.2)

K™p _ AK™p K™p
AB *ACA +AKK’

where i) A5, " is defined by the current algebra [36-38],
accounting for all low-energy interactions which can be
described by Effective Chiral Lagrangians [39]. In the gen-
eral form this contribution has been calculated in [37,38];
i) A% o
diate states qqgq (or KK molecule) such as the scalar
mesons ag(980), fo(980) and so on [40-44] (see also [45])
going beyond the scope of Effective Chiral Lagrangians.
As has been recently found by the KLOE Collaboration
(DAPHNE), measuring the radiative decays of the vec-
tor ¢(1020)-meson, ¢(1020) — ao(980)7y and ¢(1020) —
f0(980), that the quark structure of the scalar mesons
ap(980) and f,(980) differs substantially from ¢g [46].

is the contribution of the four-quark interme-

5.1 Calculation of AS,"

The current algebra contribution to the parameter Ag_p

we denote as 1
P

Aca’ = B (A5 + Ag), (5.3)

where AS and A} describe the contribution of K ~p scat-

tering in the states with isospin I = 0 and I = 1. Using

the results obtained in [37,38] we get

3
A= — L
07 8 F2’
L
Al = 4
0 87TFI2<’ (5)

where Fr = 112.996 MeV is the PCAC constant of the
K*-meson [9]. This gives

AE - L

oa’ =4 ——0398fm

The value (5.5) is caused by the contributions of the
s, t and wu channels of low-energy elastic K~ p scat-
tering, which can be described by Effective Chiral La-
grangians [39]. The result (5.5) is obtained at leading order
in Chiral perturbation theory [22,23] (see also [47]). Ac-
cording to Chiral perturbation theory [22,23] the accuracy
of the value, given by (5.5), is of order O(m3,_ /167*F) =
O(12%). This coincides with an accuracy of the current al-
gebra approach [48,49].

5.2 Calculation of the four-quark contribution AE;p

Four-quark states (or KK molecule) such as the scalar
mesons ao(980) and fp(980) can give a contribution only
to the t-channel of low-energy elastic K~ p scattering de-
fined by the reaction K~ + K+ — p + p. Since the four-
quark states a(980) and f;(980) cannot be described by
Effective Chiral Lagrangians [39], the contribution of these

states does not enter Agg P,

According to Jaffe [40], the scalar mesons a((980) and
f0(980) belong to an SU(3)favour nonet and the scalar
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meson fp(980) decouples from the 7w state. Following
Jaffe [40], the SU(3)fiavour invariant interaction of the
nonet of four-quark scalar mesons with two nonents of
pseudoscalar light mesons, having a ¢¢ quark structure,
can be written as

Lspp(r) = V2gotr{PPM} = V2 go P’ P* M

where P and M are nonets of pseudoscalar light ¢g mesons
and scalar ¢ggq mesons, respectively,

(5.6)

7° o
— 4+ = T K+
sz: \/§ 72 71'0 + Mo KO s
T _ -4
V2_ V2
—-K~ KO Ns
0
a_02_§ al ot
_a) e
Mi=| e LoD W [ BT
— -0 fO €
—K __+_
V2 2

where 1y and 7, are pseudoscalar states with quark struc-
ture 9y = (ut + dd)/v2 and 7y, = s5 [40]. Then,
do = (af,a8,ay) = (sdud, s3(uti — dd)/\/2,diis5) is the
isotriplet of ap(980)-mesons, k = (k1, k") = (usdd, dsun)
and & = (&%, —Kk") = (sduu —studd) are doublets of
strange scalar four-quark states, fo = s&(uu — dd)/\/2
is the fp(980)-meson and ¢ is the isoscalar scalar ¢(700)-
meson with ¢ = uddu quark structure and mass m. =
700 MeV [40]. The nonet M is constructed in such a way
that the f((980)-meson decouples from the mm states,
whereas the £(700)-meson couples to the 7 states but de-
couples from the K K states. This implies that the £(700)-
meson does not contribute to the amplitude of K ~p scat-
tering.

The interactions of the scalar mesons ap(980) and
f0(980) with the K ~-meson can be written as

ag(x) + fo(@)] K*(2) K~ (),

where af(z), fo(z) and K*(z) are interpolating fields of
the a9(980)-, f(980)- and K*-mesons.

For a numerical calculation we use the value gy =
JaoK+K—- = Jfok+Kk- = 2.746 GeV, obtained within the
KK molecule model of the scalar mesons ag(980) and
f0(980) [43] (see also [41] and [42]). In this model the
scalar mesons ag(980) and fo(980) couple only to the KK
states® and decouple from the 7 states.

The interaction of the nonet of four-quark scalar
mesons M with octets of light baryons we define as

Lskx(x)=go[— (5.8)

Lo () = Vagp tr{{B, BYM) + Vg te{[B, B]M} =
V2(gp + gr)BLBEMg + V2(g9p — gr)BYBy M,
(5.9)

8 The scalar meson a(980) couples also to the 7 states,
where 7 is the well-known 7(550) pseudoscalar meson [9].

where B and B are octets of light baryons (see (4.2))

xo A0 - _
=4 5 _E
V2 V6 _
nRb _ = EO AO =
Bb = o+ = L =0 (5.10)
V2 V6 )
P n ——A°

and gp and gp are the coupling constants of the symmetric
and antisymmetric SBB interactions [50].
The effective Lagrangian of the SN N interaction reads

Lspp(x) = (g9p + gr) |V2p(x)n(z)a] (z)

+V20(2)p(x)ag (x) + (B(2)p(z) — A(z)n(z))a
—(1 = 2as) (p(z)p(x) + n(z)n(z)) fo(z)

~V3as (p(@)p(@) + al@)n(@)e(@)] +.

where e(x), p(z) and n(z) are the interpolating fields of
the £(700)-meson, the proton and the neutron. The pa-
rameter g is given by ag = gr/(9p + gr) [50].

In order to suppress the contribution of the four-quark
state €(700) to the S-wave scattering lengths of 7N scat-
tering we have to set ag = 0 or gp = 0. As a result,
the four-quark state €(700) decouples from nucleons. This
gives

0(z)

(5.11)

Lspp(r) = gp [\/517(33) (2)ag () + V2n(2)p(z)aq (2)
+(p(2)p(x) — A(z)n(x))ag(x)
—(P(@)p(x) + n(z)n(z)) fo(x)| + (5.12)

At the threshold of the reaction K~ +p — K~ + p the
contribution of the four-quark states ao(980) and f(980)
we define as

AK P M(Kfp - Kip)a0+fo _ _9p 9o I
K 8m(my— +my) 2r m2, mg-’
(5.13)

where we have set mq, = my, = 980 MeV [9].
The coupling constant gp is not known [51]. For a

. K~
further calculation of Az P we can set [52]

_ 9nNN ¢, (5.14)
ga

where g-yn = 13.21 [53] and g4 = 1.267 are the TNN
coupling constant and the renormalization constant of the
axial-vector coupling due to strong interactions, respec-
tively, and & is a parameter, which we estimate below.

Using (5.14) the contribution of the @¢(980) and
f0(980) scalar mesons can be written as

gp

M(K_p - K_p)ao-‘rfo

Al P =
KK 8m(mg- +myp)
1
g ImNN 90K 6146 fmn.
2 ga  mZ, mg-
(5.15)
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K K
\S»/

Fig. 1. The quark diagram describing a smooth elastic back-
ground of low-energy elastic K~ p scattering in the Effective
quark model with chiral U(3) x U(3) symmetry.

The parameter Ag_p is equal to

AR P =0.398 — 0.614 ¢ fm. (5.16)

In order estimate the value of the parameter £ we sug-

gest to calculate the parameter Ag_p within the Effective
quark model with chiral U(3) x U(3) symmetry [17-19].

5.3 Ag_p in the Effective quark model with chiral
U(3) x U(3) symmetry

Following the principle of the quark-hadron duality [54]
we assume that the contribution of the smooth elastic
background of low-energy elastic K ~p scattering can be
fully fitted by the lowest quark box-diagram depicted in
fig. 1, calculated with the Effective quark model with chi-
ral U(3) x U(3) symmetry [17-19].

Using the reduction technique [21] the amplitude of
elastic low-energy K ~p scattering we define as

@2m)*i6W (¢ +p' —q—p) M(K p— K p) =
R /d4$1d4$2d4$3d4$4

p’'2,p2—m2,q'2,¢?

o ¢ @1 Hip w2 —ipw3—ig-a

-
X (O +mic-)(Oa +mi-)alp’,o") (iv, 95 —my)
X (O|T(K ™ (21)p(w2)p(x3) K (24))]0)

T
X (—iv, 05 —my) u(p, o), (5.17)
where p(z) and u(p, o) are the interpolating field operator
and the Dirac bispinor of the proton, respectively, and
K*(x) are the interpolating fields of the K T-mesons.

In order to describe the r.h.s. of eq. (5.17) at the quark
level we follow [17] and use the equations of motion

(i, 05 —my) pl(a1) = % mp(2),

Pls) (—ivu 0 —my) = 9—;‘; 7o (3), (5.18)

where 7, (z2) and 7j,(x3) are the three-quark current den-
sities [17]

mp(w2) = — €97 [0 (w2) 7w (22)]7,7 di (22),

Mp(23) = + &% di(w3)y"y°[a; (ws)yuuf(23)],  (5.19)
where 4, j and k are colour indices and ¢ ¢(z) = ¥ (x)TC
and C = —CT = —CT = —C~! is the charge conju-
gate matrix, T" denotes transposition, and gp is the phe-
nomenological coupling constant of the low-lying baryon

octet Bg(z) coupled to the three-quark current densi-
ties [17]

£8 () = 9B B (x)ns(z + h.c. 5.20
int ( ) \/5 8( )778( ) ( )
The coupling constant gp is equal to gg = 1.34 X

10~* MeV 2 [17].
For the interpolating field operators of the K *-mesons
we use the following equations of motion [17]:

(01 +m% ) K (1) = 2K a(a))in’s(a),

V2

(04 + m2_ ) K+ (z4) = % 5(z4)iy u(za), (5.21)

where g = (m + my)/v2Fk, m = 330 MeV and m, =
465MeV are the masses of the constituent u, d and s
quarks, respectively [17,19] (see also [55]).

The amplitude of low-energy elastic K ~p scattering is
defined by

M(K™p— K p) =
1 .y -, )
g Zg2B g%(/d4$1d4$2d4$3 etd -x1+ip -a:gfzpquﬂ(p/’o_/)

(0T (@(w1)iv° s(21)mp (2)7p (23)5(0)i7°u(0)) [0)u(p, o),
(5.22)

where the external momenta q’, p’, ¢ and p should be kept
on mass shell ¢'? = ¢> =m3_ and p'? = p* = m?.

In the appendix we have carried out the calculation of
the amplitude (5.22) at threshold. The parameter A% ?
is equal to (see (A.9))

. M(Kp— K-
AKTP (K7p = K7P) _ 398 + 0,033 fmn. (5.23)
8r(my- +my)

This allows to estimate the value of the parameter £ (5.14).
Equating (5.16) to (5.23) we get £ = 1.2+ 0.1.
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5.4 S-wave scattering length ag_p and shift €

Using the value of the parameter A?” , describing the
contribution of the smooth elastic background of low-
energy elastic K~ p scattering, we obtain the S-wave scat-

tering length a(lf P

ay ¥ = (—0.328 £ 0.033) + (~0.154 £ 0.009) =

(—0.482 + 0.034) fm. (5.24)

This results in the shift of the energy level of the ground
state of kaonic hydrogen

et — —421.12405 P =203 £ 15 eV. (5.25)

The theoretical value fits well the preliminary experimen-
tal data €y’ = (183 £ 62)eV by the DEAR Collabora-
tion [13].

6 Electromagnetic decay channels

It is well known [53] that in the case of the energy level
displacement of the ground state of pionic hydrogen the
electromagnetic channel A, — n + v defines 64% of the
experimental value of the width I, = (0.868 4 0.056) V.
The width of the energy level of the ground state of pionic
hydrogen can be written as

8T p* [ 172 372\ 1
=gt (a” = a?) s (1+ F)’ (6.1)
where p = m -mp/(m,- +m,) = 121.497MeV is the re-

duced mass of the 77 p system for m, - = 139.570 MeV
and m, = 938.272MeV, p* is the relative momentum

equal to
* My + M-
- 2
My, + Mo 2 My — Myo 2
(-G -G 1=
Mp + M- My + M-
28.040 MeV, (6.2)
¥1,(0) = 1/4/ma3, is the wave function of the ground state

of pionic hydrogen at the origin, and a(l)/ ? and ag/ % are the
S-wave scattering lengths of 7N scattering with isospin

I =1/2 and I = 3/2. The experimental values a0/2 =

0.1788 + 0.0043m_1 and a}/> = —0.0927 + 0.0085m ",

obtained by the PSI Collaboration [53], give a(l)/2 ag/Q =
0.2715 £ 0.0095 m;} Then, P is the Panofsky ratio de-
fined by [16]

1 I'(Axp — ny)

~ = = 0.647 + 0.004
ol — 0.647 £ 0.004,

(6.3)

where we have adduced the experimental value of 1/P
obtained in [16].

In the case of kaonic hydrogen there are two electro-
magnetic decay channels Ay, — A° 4+~ and Ak, —
X9 ++, which are related to the reactions K~ +p — A%+~
and K~ +p — X° + ~. Therefore, the total width of the
energy level of the ground state of kaonic hydrogen can be
written as [15]

47

Flszz-szl( p( )|!pls(0)|2(1+X)a (64)

where X, the inverse Panofsky ratio for kaonic hydrogen,
is defined by [15]

F(AKp — AO’V) + F(AKp - 20'7)
Fls ’

X = (6.5)

Below we give a theoretical analysis and numerical esti-
mate of the value of X.

First, we consider the decay of pionic hydrogen A, —
n + v, then we extend the developed technique and me-
thodics to the decays of kaonic hydrogen A, — A° + v
and Ay, — X0+ 17.

6.1 Radiative decay of pionic hydrogen

The amplitude of the decay A, — n +~ we define as |7,

8,48, 49)]
d3k M1y
M{Azy =) \/;/ P\ B, (R)E,(F)
x @yy(k) M(x~(k )p(—k ) — ny), (6.6)

121.497MeV is the
reduced mass of the 7~ p system and @y, (k ) is the wave
function of the ground state of pionic hydrogen in the
momentum representation.

The amplitude M (7~ (k )p(—k) — n+y) of the reaction
T~ 4+ p — n+ v is determined by [48,49]

where p = my-my,/(Mm.— +my,) =

—

M(n~ (F)p(~F) = ny) =
Vi e (n(=q, o) T (0)|w~ (R )p(=F. 0,)) e (@, ),
(6.7)

where Jﬁem(O) is the electromagnetic hadronic current [48,
49]

3 i 8
J(0) + 7 J5,(0).

Here, J3(0) is the third component of the isotopic vector
and Jﬁ(())7 the isospin singlet, is the eighth component of
the SU(3)fiavour OCtet; (g, A) is the polarization vector
of the emitted photon.

Using the reduction technique [21] for the 7~ -meson
we reduce the matrix element of the electromagnetic

Je(0) = (6.8)
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hadronic current (6.6) to the form

(n(=q,0)| ;™ (0)|7~ (K )p(~k,0,)) =
lim '/d4x e kT (O, +m2.)
k2 m?

x(n(=q,0)|T(J5™O)n (@)lp(=F, o)), (6.9)

(,/Eumz,z)

hypothesis [48,49] the interpolating fields of the w-mesons
are related to the divergences of the axial-vector currents.
For the 7~ -meson field we get

where k,- = . According to the PCAC

1 1
\/im%Fﬂ

where F = 92.419MeV is the PCAC constant and
Ji 2 (x) = Jb,(x) —iJ2,(x) is the hadronic axial-vector
current [48,49].

In the soft-pion limit [48,49] the r.h.s. of (6.9) can be
rewritten as®

(n(=q. )| T (0)]m~

\/—QLFW /d4x (n(—4

T(z) = o I 2 (x), (6.10)

(E)p(—Fk,0p)) =
)| T(J5™(0)9" I3, () [p(0, o))
(6.11)

Integrating by parts we arrive at the expression [48,49]

(n(=3,0)|T5™ (0) |7~ (K )p(—F, 0p)) =

¢§ET<”<—@U>HJ2&“<0>, 12(0)]|p(0, 7)),

where Q3 %?(0) is the axial-vector charge operator

(6.12)

72(0) = / &P J32(0,1). (6.13)
Using Gell-Mann’s current algebra [48,49] we get
(=, 0) T ()7~ (F)p(—k, 0p)) =
i i =
- (n(=q.0)|J5, *(0)|p(0,0,)).  (6.14)

The matrix element in the r.h.s. of (6.14) is related to the
matrix element of the axial-vector current defining the
B-decay of the neutron [56,57]

(n(—q, o)7uy u(0, o),

(6.15)
where @, (—¢,0) and (0, op) are Dirac bispinors of the
neutron and the proton, respectively.

L)1 3 2 (0)[p(0, ) = g4 Un (4

9 The soft-pion limit as well as the soft-kaon limit should
be understood as ChPT at leading order in chiral expan-
sions [22,23].

Thus, the matrix element of the reaction 7~ +p — n+~y
is determined by

—

M(n~ (k)p(—k ) = ny) =

_\/—zegA (=g

)%&’7 u(O op) e’ (q,N). (6.16)

The partial width of the decay A, — n + v is equal to

This value should be compared with the partial width of
the decay A, — n7°, which reads

8

I'(Agp — nr) = b
I

9
«(ad?

The Panofsky ratio 1/P is equal to

2
— ) WL (0)]2 = 0.542¢eV. 6.18
0

1 _27049124 my [
p

P 327F2 m,- *(1/2
ag -

m2
X 1— 0 n
( (Mmr— +my)?

at?)’

) —0.681£0.048. (6.19)

The theoretical value agrees with the experimental data
1/P = 0.647 £ 0.004 [16]. The theoretical error is related
to the errors of the experimental values of the S wave

scattering lengths a2/ — a2/ = (0.271540.0095) m_* [53).

The cross-section for the reaction 7~ + p — n + v at
low relative velocities of the 7~ p system v is equal to

432

o(r"p — ny) = — pbarn. (6.20)

The result (6.20) agrees well with the theoretical estimate
given by Anderson and Fermi [58].

Now we are able to apply the technique developed
above to the calculation of the partial widths of the elec-
tromagnetic decay channels of kaonic hydrogen Ag, —
A%+ and Ak, — X0 +.
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6.2 Radiative decays of kaonic hydrogen

Amplitudes of the decays Ay, — A%+~ and Ag, —
X9 + 4 we define in analogy to (6.6). This gives

=V [

D1, (k) M(E(

3
M(Ag, — A% d k

mg—"mMp
E-(k)E p(E)

M(AKp - 20'7) =

ol

)p(—k) — A%),

43k
(2m)?

S

1
2

memp

- - r I (K 7ﬂ — 0
En(V)E, D15(k) M(K™ (k)p(=k) — X7v),

(k)
(6.21)

where y = myg-m,/(mg- + m,) = 323.478 MeV is the

reduced mass of the K~ p system and ®y4(k ) is the wave
function of the ground state of kaonic hydrogen in the
momentum representation.

The amplitudes of the reactions K~ +p — A°
K~ +p— X0+ read

+~ and

M(K™(k)p(=k) — A%) =
Vir e (A°(=q,0)|Je™(0)| K~ (k )p(—Fk, 0,)) €"(q, ),
M(K~(k)p(~k) — 2%) =
Vir e (8°(=q,0)|J5"™(0)| K~ (k )p(—k, o)) (d, A).

(6.22)

The application of the reduction technique reduces the
matrix elements (6.22) to the form

(A°(=q, 0| T5™(0)| K~ (K )p(—Fk, o)) =

lim i/d‘lxe*ik}f"x (Op +m3-)

k2 —m
K— K—

x (A% (=@, 0)|T(JS"™(0)K 1 (2))p(—k, 0p)),
(2=, 0)| T (0)| K~ (k )p(—Fk, o)) =
@ Z/ dlze~Hx=T (O, + m )

X (£°(=,0)|T(JZ™(0)K 1 (2)) [p(—k, ).
(6.23)

The PCAC hypothesis allows to define the interpolating
field K —f(x) in terms of the divergence of the axial-vector
current [48,49)

1 1

- aVJ47i5 ).
m%{_ FK 5v ( )

(6.24)

In the soft-kaon limit kx- — 0 we obtain
(A°(=q, o)™ (O)| K~ (k)p(—Fk, 0,)) =
o AT 0), Q3 O)]Ip(0, 0,),
(2°(=q,0)| T O)[ K~ (k)p(—k, o)) =
(Z°(=q.0)[[T;"™(0), Q5™ (0)]Ip(0, 7))
(6.25)

i
V2Fk

Using Gell-Mann’s current algebra [48,49] we transcribe
the r.h.s. of the matrix elements (6.25) into the form

o) T (0)| K~ (k )p(—k, 0p)) =
- o AT OO, 0,))
(2=, 0)| T (O)[ (R )p(—F, 0,)) =

- (L) Ol 0,)

where Fx = 112.996 MeV is the PCAC constant of K*-
mesons [9]. The matrix elements of the axial-vector cur-

rent in the r.h.s. of (6.26) can be defined in analogy with
(6.15)

(4°(=¢,

(6.26)

(A°(=q,0)| T2, (0)|p(0, 7)) =
9400 (@, )y (0, 0),

(2°(=q,0)| 72, (0)|p(0, 0,)) =
9% s (4, 0)7,7°u(0, 0). (6.27)

The partial widths of the decays A, — A% and Ak, —
X0y are equal to

3(9A0)2 i po
rA A%) =a = 24
Arp = M) =g Tp= =0~
2
mh0
X (1——A2 ) &, (0,
( (mK+mp)2> 1()|
3(9 0) m o
0 A
Py = X) =g Tpe— 0 =

M0

g (1 - m) 21,(0)]2.

The coupling constant gﬁo can be taken from the data on
the B-decay of the A% hyperon, A® — p + e~ + ,: gﬁo =
0.718 £ 0.015 [9]. Due to isospin invariance of strong in-
teractions we can set gfo =g% /V2=10.240+0.012 [59],

where g% = 0.340 & 0.017 defines the B-decay ¥~ —
n+e” + U, [9]. As a result, we obtain the following nu-
merical values of the partial widths:

(6.28)

I'(Agp — AO’Y) =
F<AKp - 207) =

(0.82 4+ 0.04) e

V.,
(0.08 +0.01) eV

(6.29)
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where we have used m o = 1115.683MeV and msxo =
1192.642 MeV [9].
The parameter X, the inverse Panofsky ratio for kaonic

hydrogen, is equal to

X = =
Fls
NETE RV
“16r Ff mp- Im fE72(0)
2m 1 mio )
o _
4 (mg +mp)

s (1 ) -

(3.97 £0.47) x 1073, (6.30)

Thus, the contribution of radiative decay channels Ag, —
A% and Ag, — X% to the width of the ground state of
kaonic hydrogen is less than 0.5%.

The branching ratios B(Ax, — A%y) = (3.6140.43) x
1073 and B(Ag, — X%y) = (0.35 £ 0.04) x 1073, ob-
tained for the partial widths (6.29) and the total width
Ins = (227 £ 27)eV given by (4.22), are in qualita-
tive agreement with both theoretical values, predicted
by Hamaie et al. [60], B(Ax, — A%) = 4.72 x 1073
and B(Ag, — X%) = 243 x 1073, and experimen-
tal values, B(Ax, — A%) = (0.86 £ 0.12) x 1073 and
B(Ag, — X%) = (1.44 £0.23) x 1072 [61].

The branching ratio of the radiative decays of the
A(1405)-resonance is equal to B(A(1405) — A%y) +
B(A(1405) — X%) = (0.13 +0.03)% [9,62]. The data on
radiative decays of the X'(1750)-resonance are absent [9].

Hence, within an accuracy about 1% one can neglect
the contributions of radiative decay channels to the width
of the ground state of kaonic hydrogen.

7 Conclusion

We have analysed the energy level displacement of the
ground state of kaonic hydrogen within a quantum field
theoretic and relativistic covariant approach. In our ap-
proach the energy level displacement of the ground state
of kaonic hydrogen is defined by the amplitude of the reac-
tion K~ +p — K~ +p, weighted with the wave functions
of kaonic hydrogen in the ground state (3.5). It reads

[

memp

Lhe / &3k
T T dmgem, | (2n)°

memp

(7.1)

By virtue of the wave functions ®] (k) and @1,(7) the
integrand is concentrated around momenta k ~ 1/ag and

g ~ 1/ap, where 1/ag = 2.361 MeV. Since typical mo-
menta are much less than the masses of coupled particles,
my- > 1/ag and m, > 1/ag, the zero-momentum limit
k = g = 0 turns out to be a good approximation'®. This
results in the well-known DGBT formula

Fls -
5 =202 £ 7 (0),

(7.2)

—€ls

where fI ?(0) is the partial S-wave amplitude of the re-
action K~ +p — K~ + p at threshold.

For the description of the amplitude fOK P(0) we
have suggested the dominance of a smooth elastic back-
ground of low-energy K ~p scattering and three resonances
A(1405), the SU(3)gavour singlet, and the A(1800) and
X(1750), the components of the SU(3)favour octet. These
resonances saturate the part of the amplitude which we

have denoted as fi* ?(0)z (3.10).

The imaginary part of the amplitude fg{ P(0)g is re-
lated to inelastic channels K=p — X ~7nt, K=p — X+7—,
K~ p— X% and K~p — A%°, which are fully described
by the resonances A(1405), A(1800) and X (1750).

For the analysis of the consistency of our approach,
applied to the description of inelastic channels K~ p —
Yot K p—Xtn, K p— X% and K—p — A%7O,
we have used the experimental data v = 2.360 4+ 0.040,
R, =0.189+0.015 and R. = 0.664+0.011 (4.7) on the ra-
tios of the cross-sections for the reactions K~p — X~ 7™,
K p—Xtr K p— X% and K~p — A%°7°. We have
found that in our approach these experimental constraints
are fulfilled within an accuracy better than 6%.

Moreover, we have shown that in our approach be-
tween three parameters v, R, and R. only two parame-
ters are independent. Assuming that these are v and R,
we have expressed R, in terms of 4 and R,. Using the
experimental values for the parameters v and R,, we have
obtained R, = 0.626 & 0.007 that agrees with experimen-
tal value R, = 0.664 = 0.011 within an accuracy better
than 6%. Most likely that the obtained agreement of our
approach with experimental data on v, R, and R, is a
consequence of the SU(3)favour singlet-octet nature of the
resonances A(1405), A(1800) and X(1750).

One of the consequences of the experimental data (4.7)
on the cross-sections for inelastic channels of low-energy
K~ p scattering and the SU(3)gavour singlet-octet nature
of the resonances A(1405), A(1800) and X(1750) is a sup-
pression of the contribution of the A(1800)-resonance. In-
deed, due to the experimental constraints (4.7) the ratio
of the coupling constants of the antisymmetric and sym-
metric SU(3)favour phenomenological By BP interactions,
ag = fa/ga, turns out to be very close to —1/3. Since the
coupling constant of the A(1800)-resonance with the K N
pairs is proportional to (1 + 3as), it decouples from the
KN system for ag = —1/3.

10 An expansion in powers of the relative momenta should
lead to the corrections of order of powers of «, i.e. the term
of order O(v/kq) gives a correction of order O(«) and so on,
caused by Coulombic photons. We are planning to analyse
these corrections in our forthcoming publications.
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For the numerical analysis of the amplitude of K~ p
scattering near threshold we have used the recommended
values for the masses and total widths of the resonances
A(1405) and 2(1750) mA(1405) = 1406 MeV, FA(1405) =
50 MeV and m2(1750) = 1750MeV and F2(1750) =
90 MeV. This has given the following value of the resonant
part of the amplitude of K~ p scattering near threshold:

LP(0)g = (—0.15440.009)+i (0.269+0.032) fm. (7.3)

Since the smooth elastic background should be fully real,
the imaginary part of fOK P (0) g coincides with the imagi-

nary part of the S-wave amplitude f(f( P(0) of K~p scat-
tering near threshold. As a result it should fit the exper-
imental data on the width of the energy level of kaonic
hydrogen in the ground state. Using the DGBT formula,
which is the non-relativistic reduction of our formula (7.1),
we have got the value I'th = (2274 27) eV fitting well the
mean value of the experimental data by the DEAR, Col-
laboration Ity = (213 + 138) eV [13].

The shift €15 of the energy level of kaonic hydrogen in
the ground state is defined by the S-wave scattering length
a? P of K™ p scattering. In our approach aé( P the real
part of the amplitude fg{ P(0), is determined by the sum
of the contributions of the resonances and a smooth elastic
background: af ? = Re fI P(0) = Re f& ?(0)g+A4% 7.

We have calculated the contribution of the smooth
elastic background within the Effective quark model
with chiral U(3) x U(3) symmetry: A% 7 = (—0.328 +
0.033) fm. This gives the S-wave scattering length a* P =
(—0.482+0.034) fm and the shift of the energy level of the
ground state of kaonic hydrogen €{2 = (203+15) eV, which
fits well the experimental data €7, = (183 £ 62) eV by
the DEAR Collaboration [13].

At the hadronic level we have calculated the param-

eter Ag P in terms of the contribution coming from
all hadron exchanges taken at leading order in ChPT,
described by Effective Chiral Lagrangians, and scalar
mesons ag(980) and f,(980) having an exotic gqgg (or
KK molecule) structure. Due to the lack of information
about the ag(980) NN and f,(980) NN coupling constants,

the parameter Ag P has been found to be dependent
on an arbitrary parameter {. Comparing this expression
with that obtained at the quark level we have estimated
& =1.2+0.1. Of course, an additional information about
the value of ¢ can be extracted from the analysis of the
contributions of the a(980)- and f,(980)-mesons to the
reactions of the KN interaction at transferred momenta
of order of 1 GeV. B

Thus, in our approach the S-wave amplitude fé( P(0)
of K~ p scattering near threshold is equal to

L7P(0) = (—0.482 4 0.034) +1 (0.269 + 0.032) fm. (7.4)

This leads to the following theoretical prediction for the
energy level displacement of the ground state of kaonic
hydrogen

th

r
—e g % = (—203+15) +4 (113 £ 14)eV, (7.5)

which fits well the experimental data by the DEAR Col-
laboration [13]

exp
—eP +i FITS = (—183£62) +4 (106 = 69)eV. (7.6)
The calculation of the partial widths of the radiative decay
channels of pionic and kaonic hydrogen we have carried
out within the soft-pion and soft-kaon technique [48,49]*.
We have shown that for pionic hydrogen the partial width
of the decay A, — n + ~ gives the Panofsky ratio

1 I(Ag—m)

== = 0.681 % 0.04
B = TAn 0] = 0-081:+0.048

(7.7)

agreeing well with the experimental value 1/P = 0.647 +
0.004 [16].

Unlike pionic hydrogen, where the radiative decay
Arp — n+ 7 gives a contribution of about 65%, the con-
tribution of the radiative decay channels Ax, — A% + v
and Ag, — X%+~ is less than 1%. The theoretical pre-
dictions for the sum of the branching ratios of the radia-
tive decay channels of the A(1405)-resonance makes up
(0.13 £ 0.03)% [9,62]*2.

Thus, the value of the parameter X, supplemented by
the contribution of the radiative decays of the A(1405)-
resonance, does not exceed 1%. Since both theoretical and
experimental accuracy of the definition of the energy level
displacement of the ground state of kaonic hydrogen are
worse than 1%, one can neglect the contribution of the
electromagnetic decay channels of kaonic hydrogen to the
total width 7.

Thus, we can argue that strong low-energy KN inter-
actions define fully the experimental value of the energy
level displacement of kaonic hydrogen measured by the
DEAR Collaboration!3.

An agreement of our theoretical predictions for the en-
ergy level displacement of the ground state of kaonic hy-
drogen (7.5) with the experimental data by Iwasaki et al.
(the KEK experiment) [66]

exp

r
—€7P i = (-323£63£11) +i (204104 50) V.

(7.8)
seems to be only qualitative.

We would like to emphasize that the new data on
the energy level displacement have been obtained by the
DEAR Collaboration due to a significant improvement of
the experimental technique and methodics of the extrac-
tion of the energy level displacement of kaonic hydrogen

1A constituent-quark diagram technique for the derivation
of the soft-pion and soft-kaon low-energy theorems has been
elaborated by Natalia Troitskaya in [63] (see also [19,64]).

12 Theoretical and experimental data on the radiative decays
of the X'(1750)-resonance are absent [9].

13 A tangible contribution of about 50% to the paramter X,
coming from the isospin-breaking and electromagnetic interac-
tions to the amplitude of low-energy K™ p scattering through
the intermediate K°n state K~ p — K°n — K~ p, has been
recently pointed out by Rusetsky [65].
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from the data on the np — 1s transitions, where np is an
excited state of kaonic hydrogen [13].

We are grateful to Georgii Shestakov for clarification of ex-
otic properties of the ag(980)- and fo(980)-mesons as the four-
quark (or K K molecule) states and John Donoghue for discus-
sions. We appreciate discussions with Jiirg Gasser and Akaki
Rusetsky. We thank Torleif Ericson for the discussions of our
approach to the description of the Panofsky ratio for pionic
hydrogen and Evgeni Kolomeitsev for the discussions of low-
energy theorems for K~ p scattering. The results obtained in
this paper have been reported at the Workshop on CHIRAL
DYNAMICS at University of Bonn, 8-13 September 2003, Ger-
many and at the Workshop on HADATOMO03 at ECT* in
Trento, 12-18 October 2003, Italy [14,67].

Appendix A. Calculation of A5 * within
Effective quark model with chiral
U(3) x U(3) symmetry

Using the expression for the external sources n,(z2) and
fp(x3), given by (5.19), and substituting them in (5.22)
we obtain

1 o
M(K_p—)K_p):ZZg%g%(El] 5Uk

X/d4$1d4l’2d4l’3 eiq"11+i;v/~962—ip'$3a(p’, O'l )a(i’y5)a1b1
X (ny”)azb (7#75)1102 (’YV’Y5)03b(’7VC)0«3b3 (i75)a4b4u(p7 U)b

X (O T(@e (1) ay $¢(21)by it (T2) an i (T2) by di 7 (T2)c,

Xdi(x?))csaj (x:’))asﬂk(xB)bsgt(O)a4ut(0)b4)|0>67 (Al)

where the index ¢ stands for the abbreviation of connected.
Making contractions of the d- and s-quark field oper-
ators we reduce the r.h.s of (A.1) to the form

1 .
M(K™p— K™p) =i gpgie"’ "

. ’ - M .
X/d4l‘1d4l‘2d4]}3 ezq x1+ip X2 zpz3u(p/,o_l)a(z,y5)albl

X (C’Y'u)azbz ('711«75)002 (’YV’VB)CSb(%/C)GSbs (i’y5)a4b4u(p’ 0>b
. s . d _

x(=1) S (@1 )bas (=) S5 (@2 = 23)eae (O T (1),

XU; 1 (T2) 0y s 1 (02) b, U (3) as Uk (T3) by e (0)p, )[0)e,  (A.2)
The requirement to deal with only connected quark dia-
grams prohibits the contraction of the u-quark field oper-
ators @p(21)q, and ug(0)p,. The result reads

M(K~p— K™p) =343 g%k

4 4 4 iq xi+ip  xo—ipxz (1 1 5
x/d z1d wad g e’ TP TG (p ") (V7 )ayby

X (CY*) agbs (VMVS)aQ ('YV’YS)Csb(’YVC)asbs (75)a4b4“(p’ o)
X SS) (ifl)b1a4 Sj(;l) (152 - 1’3)020351(‘7‘U) (xQ - .’El)a2a1

X SW (25— 3)b3a5 S (—3)b4bs (A.3)

Summing over the indices we end up with the expression
M(K~p— K™ p) =393 9%
x/d4x1d4x2d4x3 eiq/'””1+ip,'x2_ip'”3ﬁ(p’, o’ )ytePs
x S0 (@2 — 2}y ulp, o) { 1S (1)7° S ()
x CTAT S (2 — ) "L CT S (5 — xl)}. (A.4)
Using the relation
CTAT S (g — 23)TAECT = 7,88 (25 — 22)7, (A5)
we transcribe the r.h.s. of (A.4) into the form
M(K™p— K™p) =39} g%
x/d4x1d4x2d4x3 eiq/‘w1+ip/'“_ip‘z3ﬂ(p/, o’ )7“75
x S (22 — 23)7" 2 u(p, o) {1 S (@1)7° S (~s) v,

x S8 (25 — 2)7, S5 (s — 171)}. (A.6)

In the momentum representation the r.h.s. of (A.6) reads

M(K™p— K p)= 39239%/ @)

1, s 1 1
X e ="y u(p, o)trq ¥ N
mq — k1 ms—ky  my—ka+q
1 1
X Yv = = T = (" (A7)
my —ky —ki+p+q  my —ka+q’

The result of the calculation of momentum integrals
within the procedure accepted in the Effective quark
model with chiral U(3) x U(3) symmetry [17-19] is equal
to

_ 95 (49)

MEP=Kp) =g m h oy

x [miﬁn(l + i—%) —m?en(1+ i—%)] . (A8)

ms +m

S

where (Gq) = —(252.630MeV)? is the quark condensate,
A, =940 MeV is the scale of the spontaneous breaking of

chiral symmetry [17,19]. The parameter Ag_p is given by

MK p—Kp g% (q9) 1t

AK P — = A/
B 8n(mg- +myp) 6473 F2 mg— +m,
ms+m | Ai 2 Ai

—0.328 fm. (A.9)

A theoretical accuracy of this result is about of 10% [17-
19] and [55].
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